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NOTATIONS
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NOTATIONS

o X ={Xq,Xo,...,Xn} - set of species

e C={Cy,Cy,...,C.} - set of complexes

Y € R™€ - matrix of complexes

R - set of reactions

o k= (Kj)(ij)er - rate coefficients

(X,C, R, k) - mass action system

¢ - number of linkage classes

e t- number of terminal strong linkage classes
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V. A., AND THE ODE
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V. A., AND THE ODE

HS | X YS1

YS2
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W(x) = HS—‘ s
H 1 }’sc
S=
=30 K K21
K12 — (/621 + Zfzs "“2/')
R1ic R2c
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V. A., AND THE ODE

o
H 1 YS1
S
}’52
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\U(X) _ Hs 1
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o
— 2?22 K1j K21 . e Kel
A K12 - (/‘3'21 + ZI:S KQ,’) oo K2
K = . . . .
/’{/10 Hzc . e — ’C:_11 HCI
o

x(1) =Y A. V(x(r)), state space: R,
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0, E¥, AND S

x(t) =Y A - V(x(7))

DEFINITION (DEFICIENCY)
0 =dim(ker Y Nnran A,), provided that ¢ = t
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9, Ef, AND S

x(t) =Y A - V(x(7))

DEFINITION (DEFICIENCY)
0 =dim(ker Y Nnran A,), provided that ¢ = t

o Ef ={xcR] |Y. A V(x)=0} - positive steady states
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9, Ef, AND S

x(t) =Y A - V(x(7))

DEFINITION (DEFICIENCY)
0 =dim(ker Y Nnran A,), provided that ¢ = t

o Ef ={xcR] |Y. A V(x)=0} - positive steady states
o S=span{Y,;— Y| (i,j) € R} <R" - stoichiometric subspace

o (p+S)NRL, for p € R - positive stoichiometric class
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DEFICIENCY-ONE THEOREM

THEOREM (MARTIN FEINBERG, 1979, 1987, 1995)

Assume

(1) 6 =0o0r1(Vrei,i),
(1) 6y +---+3d =49, and
(rmr) £ =t.
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DEFICIENCY-ONE THEOREM

THEOREM (MARTIN FEINBERG, 1979, 1987, 1995)

Assume
(1) 6 =0o0r1(Vrei,i),
(1) 6y +---+3d =49, and
(rmr) £ =t.
Then the following two implications hold.
(C,R) is weakly reversible

ﬂ

E5 0

ﬂ

(p+S)NEF|=1(VpeR])
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SUPPLEMENT TO THE DEFICIENCY-ONE THEOREM
Assume ¢ =t =1 and (C,R) is not weakly reversible. Let
c=cuc,

where C’ is the complex set of the only terminal strong linkage class.
Then

" A, x v'(x)
XEE = |V Y”]-[O A;’]'[\U”(x)]:o'
Y

Ax V(x)
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SUPPLEMENT TO THE DEFICIENCY-ONE THEOREM
Assume ¢ =t =1 and (C,R) is not weakly reversible. Let
c=cuc,

where C’ is the complex set of the only terminal strong linkage class.
Then

XeEi [V Y”]-['g’“ ;;,].[\‘I'j,l,(();))]:o.

Y
Ax V(x)

THEOREM (BB, 2010, 2012)

Beyond the above, assume that 6 =1 and let0 # h € ker Y Nnran A,
be such that ) ; .. hi < 0. Then

Ef #£0 < (A) W' >0
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SPECIAL CASE: (C,R) IS A CHAIN

THEOREM (BB, 2013)
Assume that (C,R) is of the form

Ke,c—1 K32

K21
CC o Cz - > C1 o
Ke—1,¢c K23

Assume thaté = 1. Let0 # h € ker Y nran A, be such that

v
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SPECIAL CASE: (C,R) IS A CHAIN

THEOREM (BB, 2013)
Assume that (C,R) is of the form

Ke,c—1 K32

K21
CC o Cz - > C1 o
Ke—1,¢c K23

Assume thaté = 1. Let0 # h € ker Y nran A, be such that
Z,'sz h; < 0. Let us define ¥», . .., ¥ by the recursion

1 (o]
Yo = ——— h; and
2 Kot ; i

Kj—1,j
"””// 1 Kjj—1

Zhla .l_
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SPECIAL CASE: (C,R) IS A CHAIN

THEOREM (BB, 2013)

Assume that (C,R) is of the form

Ke,c—1 K32

K21
CC o Cz - > C1 o
Ke—1,¢c K23

Assume thaté = 1. Let0 # h € ker Y nran A, be such that
Z,'sz h; < 0. Let us define ¥», . .., ¥ by the recursion

1 (o]
Yo = ——— h; and
2 Kot ; i

Kj—1,j
"””// 1 Kjj—1

Zhla .l_

ThenEY #0 = v9; >0(Vje {2,3,...,c}).
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SPECIAL CASE: (C,R) IS A CHAIN (3 kK AND V k)

COROLLARY (BB, 2013)
Assume that (C,R) is of the form

Coc—= - —=C——=Cq.

Assume thatd = 1. LetQ # h € ker Y nran A, be such that
¢ ,hi <0. Then
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SPECIAL CASE: (C,R) IS A CHAIN (3 kK AND V k)

COROLLARY (BB, 2013)
Assume that (C,R) is of the form

—=

Coc—= - —=C——=Cq.

Assume thatd = 1. LetQ # h € ker Y nran A, be such that
¢ ,hi <0. Then

(A) 3k :R — Ry such that E% 0 if and only if Y7 _, h; < 0 and
(B) V¥ x:R — R4 we have Ef # () if and only if

c Cc
d hi<0and > hi<0(Vje{3,...,c}).

i=2 i=j
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(C,R) IS OF GENERAL FORM (3 k)

THEOREM (BB, 2013)

Assume thatt¢ =t =1 and ¢ = 1. Assume also that (C,R) is not
weakly reversible and let

c=cuc,

where C' is the complex set of the only terminal strong linkage class.
Let

0 +# h € ker Y Nran A, be such thatz h; < 0.
iecr
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(C,R) IS OF GENERAL FORM (3 k)
THEOREM (BB, 2013)

Assume thatt¢ =t =1 and ¢ = 1. Assume also that (C,R) is not
weakly reversible and let

c=cuc,

where C' is the complex set of the only terminal strong linkage class.
Let

0 +# h € ker Y Nran A, be such thatz h; < 0.
iec//
Then there exists x : R — R such that E% # () if and only if
> hi<0forall#C < C with g"(C) = 0,

ieC

where o"(C) is the set of reactions that enter C.
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TO THE PROOF: EXISTENCE OF POSITIVE
h-TRANSSHIPMENTS

THEOREM

Assume that (V, A) is a weakly connected directed graph and
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TO THE PROOF: EXISTENCE OF POSITIVE
h-TRANSSHIPMENTS

THEOREM

Assume that (V, A) is a weakly connected directed graph and
h:V —Rissuchthat) . hi = 0. Then there exists z : A — R, with
excessy = h if and only if

> hi<0forall(# Ug V with J"(U) =90,
el

where ¢"(U) is the set of arcs that enter U.
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(C,R) IS OF GENERAL FORM (Y k)

e U(i)={k € C" | each k ~ C’ path crosses i},
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(C,R) 1S OF GENERAL FORM (V k)
e U(i)={k € C" | each k ~~ C' path crosses i},

e C"(j) = {k € C" | there exist both k ~ j and j ~ k path}
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(C,R) 1S OF GENERAL FORM (V k)
e U(i)={k € C" | each k ~~ C' path crosses i},
e C"(j) = {k € C" | there exist both k ~ j and j ~ k path}

u(C"(j)) = {k € C" | each k ~» C’ path crosses C”(j)}
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(C,R) 1S OF GENERAL FORM (V k)
e U(i)={k € C" | each k ~~ C' path crosses i},
e C"(j) = {k € C" | there exist both k ~ j and j ~ k path}

u(C"(j)) = {k € C" | each k ~» C’ path crosses C”(j)}

o W(j) = {kec”

there exist paths k ~~ jand k ~ C’
that intersect each other only in k
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(C,R) 1S OF GENERAL FORM (V k)
e U(i)={k € C" | each k ~~ C' path crosses i},
e C"(j) = {k € C" | there exist both k ~ j and j ~ k path}

u(C"(j)) = {k € C" | each k ~» C’ path crosses C”(j)}

o W(j) = {keC”

there exist paths k ~~ jand k ~ C’
that intersect each other only in k

e let 7 C C” be such that
» forall j € C"” we have |C"(j))n J| =1 and

» for all j € 7 we have ¢°“(j) N g®“{(C"(j)) # 0.
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(C,R) 1S OF GENERAL FORM (V k)

THEOREM (BB, 2013)

Assume thatt¢ =t =1 and ¢ = 1. Assume also that (C,R) is not
weakly reversible and let

c=cuc,

where C' is the set of complexes in the only terminal strong linkage
class. Let

0 # h € ker Y Nran A, be such that Z he < 0.
kec//

V.
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(C,R) 1S OF GENERAL FORM (V k)
THEOREM (BB, 2013)

Assume thatt¢ =t =1 and ¢ = 1. Assume also that (C,R) is not
weakly reversible and let

c=cuc,

where C' is the set of complexes in the only terminal strong linkage
class. Let

0 # h € ker Y Nran A, be such that Z he < 0.
kec//
Then we have E # ) for all v : R — R if and only if

o foralli e C" we have} ¢ hk <0 and

o forallj € J with W(j) C C"(j), we have 3¢ y(cr(j)) Pk < 0.
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TO THE PROOF: MATRIX-TREE THEOREM

THEOREM (WILLIAM THOMAS TUTTE, 1948)
The signed determinant corresponding to the ijth element of A, is

=07 > | 1

AeT(j)) \acA
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TO THE PROOF: MATRIX-TREE THEOREM

THEOREM (WILLIAM THOMAS TUTTE, 1948)

The signed determinant corresponding to the ijth element of A, is

(=0t > (1] ra
AeT(j)) \acA )
LetQC {1,2,...,ctandi,je{1,2,...,c}\ Q. Then the determinant
of the matrix obtained from A, by deleting the rows corresponding to
QU {i} and the columns corresponding to QU {j} is

(_1)i+j . (_1)C—|Q\—1 . Z H Ka

AeTi(QU{j}) \acA

v
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FURTHER MASS ACTION SYSTEMS WITH 6 = 1

THEOREM (BB, 2013)

Assume that
(1) 6 =1 and
(1) (C,R) is weakly reversible.
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FURTHER MASS ACTION SYSTEMS WITH 6 = 1

THEOREM (BB, 2013)
Assume that

(1) 6 =1 and
(1) (C,R) is weakly reversible.
Then

(p+S)NEX| >1(VpeRD).

Moreover, if ¢ <2 then|(p+ S)NEf| < oo (Vp e RT).
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TO THE PROOF: A POWER FUNCTION

Assumethat/=t=1andlety € RS, y* € RSy, and h € R°\{0} be
such that A,y = 0, A.y* = h, B B

forall j € C we have j € C'ifand only is y; > 0,
forall j € C\C' we have y/ > 0, and

there exists j € C’ such that y; = 0.
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TO THE PROOF: A POWER FUNCTION

Assumethat /=t =1andlety € RS, y* € RSy, and h € R°\{0} be

suchthat A,y =0, A.y* = h,

forall j € C we have j € C'ifand only is y; > 0,
forall j € C\C' we have y/ > 0, and
there exists j € C’ such that y; = 0.

Define 5* € R and the function p : (5*,00) — R by

ﬁ*:maX{—yI

*

ieCandy; >0} and

p(B) = [[(Byi + V)" (B € (87,)),

ieC

i

respectively.
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TO THE PROOF: A POWER FUNCTION

LEMMA

Letp: (5*,00) — Ry be as in the previous slide. Then
(A) limg_, g0 p(B) = oo,

(8) lims_s00 P(B) = O,

(C) the derivative of p is negative on (5*, o), and

(D) p: (B*,00) — Ry is a bijection.

The function p The function p
p(B)*

p(®)
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TO THE PROOF: THE BOLZANO THEOREM IN 2
DIMENSIONS

THEOREM

Assume that f : [0,1]2 — R? is continuous and

f» <0

fo >0

Then 3 x € [0,1]2 with f(x) = 0 € R2.
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TO THE PROOF: THE BOLZANO THEOREM IN N
DIMENSIONS

THEOREM

Assume that f : [0,1]" — R" is continuous and

(V x € 0[0,1]") (Vi € 1,n)[x; = 0 = fi(x) > 0] and
(Vx €0[0,1]")(Viel,nx=1=fi(x) <0

Then 3 x € [0,1]" with f(x) = 0 € R".
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CAN THE PREVIOUS THEOREM BE GENERALISED
SUBSTANTIALLY?

CONJECTURE (JIAN DENG, MARTIN FEINBERG, CHRIS JONES,

ADRIAN NACHMAN)

Assume that (C,R) is weakly reversible. Then

1<|(p+S)NEF| < oo (¥peRD).
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CAN THE PREVIOUS THEOREM BE GENERALISED
SUBSTANTIALLY?

CONJECTURE (JIAN DENG, MARTIN FEINBERG, CHRIS JONES,

ADRIAN NACHMAN)

Assume that (C, R) is weakly reversible. Then

1<|(p+S)NEf| <oo(VpeR]).

Once the above conjecture is proved, the set

Ef ={xc0RL, | Y A -V¥(x) =0}

can also be described.
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AN ENVZ-OMPR MODEL IN WHICH ATP (RESP. ADP) 1S
THE COFACTOR IN PHOSPHO-OMPR

DEPHOSPHORYLATION

k .
B <= XTY, — XT+Y
ks

cofactor: ATP
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L 0 e 4
XD X XT X
iy, e

ky "
XY = (Y > X+,
ks

k k
XD+Y, == XDY, — XD+Y
kq

cofactor: ADP
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IDHKP-IDH SYSTEM (PHOSPHORYLATION OF THE
ENZYME ISOCITRATE DEHYDROGENASE BY A
BIFUNCTIONAL KINASE-PHOSPHATASE)

= 6 e
B <> 60— B
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IDHKP-IDH SYSTEM (PHOSPHORYLATION OF THE
ENZYME ISOCITRATE DEHYDROGENASE BY A
BIFUNCTIONAL KINASE-PHOSPHATASE)

—
E+Ip = EIP% E+1

+| =—
El,+1 == [Ell — El+1,

For these three systems, we have
@ 04 :(52:0(:53)and5:1 and
e (C,R) is not weakly reversible.

BALAZS BOROS (EOTVOS UNIV., BUDAPEST) | EXISTENCE OF POSITIVE STEADY STATES PORTSMOUTH, JUNE 23, 2014

21/22



CONTACT INFORMATION

www.cs.elte.hu/~bboros
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